Preliminaries

Notation
We will use the following normalization of the wedge product of multivector fields on a smooth manifold. If v is a m-vector field, w is a n-vector field, then
where
We will denote by [[ , ] ] the Schouten bracket of multivector fields (see, e.g., [2] ).
Let G be a Lie group, g = Lie G its Lie algebra. For any v ∈ • g denote by v λ (resp. v ρ ) the left (resp. right) invariant multivector field that corresponds to v, i.e., v λ (g) = (l g ) * v, v ρ (g) = (r g ) * v for all g ∈ G, where l g (resp. r g ) is the left (resp. right) translation by g.
Suppose that G acts smoothly on a smooth manifold X. Then for any v ∈ g we denote by v X the corresponding vector field on X, i.e.,
for any x ∈ X. Similarly, for v ∈ • g one can define the multivector field v X . For any x ∈ X consider the map ρ x : G → X, ρ x (g) = g · x. Then (ρ x ) * v = v X (x) for v ∈ g. For any point x ∈ X we denote by H x = {g ∈ G | g · x = x} its stabilizer. Let h x = Lie H x ⊂ g.
Suppose now that X is a homogeneous G-space. In this case we will identify T x X with g/h x for all x ∈ X. Fix x ∈ X and for any f ∈ C ∞ X define f G ∈ C ∞ G by the formula f G (g) = (f • ρ x )(g) = f (g · x). Note that the mapping f → f G is an isomorphism between the spaces of smooth functions on X and right H x -invariant smooth functions on G.
Quasi-Poisson Lie groups and quasi-Poisson actions
Following [1] , we define the notion of quasi-Poisson Lie group and the notion of quasi-Poisson action. Definition 1. Let G be a Lie group, g its Lie algebra, P G a bivector field on G, and ϕ ∈ 3 g. A triple (G,
The notion of Poisson Lie group is a special case of the notion of quasiPoisson Lie group. Namely, for any Poisson Lie group (G, P G ) the triple (G, P G , 0) is a quasi-Poisson Lie group.
Consider the mapping η :
It is a g ∧ g-valued 1-cocycle of G with respect to the adjoint action of G on g ∧ g, i.e.,
Here Ad g (x ⊗ y) = (Ad g x) ⊗ (Ad g y). The cocyclicity of η is equivalent to the multiplicativity condition (1) .
It is a 1-cocycle of g with respect to the adjoint action of g on g ∧ g, i.e.,
where ad
Definition 2. Suppose (G, P G , ϕ) is a quasi-Poisson Lie group, G acts smoothly on a smooth manifold X, P X is a bivector field on X. The action of G on X is called quasi-Poisson if
(here l g denotes the mapping x → g · x).
Let us consider the case ϕ = 0, i.e., G is a Poisson Lie group. Then the condition (5) means that X is a Poisson manifold, and from (4) it follows that the action of G on X is Poisson. Definition 3. Suppose that (G, P G , ϕ) is a quasi-Poisson group, G acts smoothly on a manifold X equipped with a bivector field P X , and this action is quasi-Poisson. We call X a quasi-Poisson homogeneous G-space if the action of G on X is transitive. Lemma 1. Suppose that (G, P G , ϕ) is a quasi-Poisson group, X is a homogeneous G-space, P X is a bivector field on X. Then the condition (4) is equivalent to
where Ad g : 
Lie quasi-bialgebras
Recall that a Poisson Lie structure on a Lie group G induces the structure of a Lie bialgebra on the Lie algebra g = Lie G. A quasi-Poisson structure on a Lie group G induces a similar structure on g. We follow [5] in defining the notion of Lie quasi-bialgebra.
Definition 4. Let g be a Lie algebra, δ a g ∧ g-valued 1-cocycle of g, and
The equation (7) is called the quasi co-Jacobi identity.
If we set ϕ = 0, then the notion of Lie quasi-bialgebra coincides with the notion of Lie bialgebra. In this case the equation (7) becomes the ordinary co-Jacoby identity, and the condition (8) is obviously satisfied.
For any quasi-Poisson Lie group (G, P G , ϕ) there exists a Lie quasi-bialgebra structure on g given by the 1-cocycle δ = d e η and ϕ. Conversely, to any Lie quasi-bialgebra there corresponds a unique connected and simply connected quasi-Poisson Lie group (see [9] ).
Given any linear map δ : g → g ∧ g ⊂ g ⊗ g we can define the skewsymmetric bilinear operation on g * : for all l, m ∈ g * set [l, m] δ = δ * (l ⊗ m).
Recall that for any Lie quasi-bialgebra (g, δ, ϕ) one can construct the so-called double Lie algebra D(g) (see [3] ):
let D(g) = g ⊕ g * as a vector space; define the bilinear operation [ , ] D(g) on D(g) by the following conditions:
Here and below , denotes the standard pairing between g and g * . We denote by Q( , ) the following invariant symmetric bilinear form on D(g):
Suppose G is a quasi-Poisson Lie group, g is the corresponding Lie quasibialgebra, D(g) is its double Lie algebra. Then the adjoint action of G on g can be extended to the action of G on D(g) defined by
The differential of this action is the adjoint action of g on D(g).
Main results
In [6] the characterization of all Poisson homogeneous structures on a given homogeneous G-space in terms of Lagrangian subalgebras in D(g) is presented. We generalize this result to the quasi-Poisson case.
Suppose G is a quasi-Poisson Lie group, X is a quasi-Poisson homogeneous G-space. Recall that we identify T x X and g/h x for all x ∈ X. For any x ∈ X define
where a is the image of a in g/h x .
Lemma 2. L x is Lagrangian (that is, maximal isotropic) subspace in D(g),
and
Denote by Λ the set of all Lagrangian subalgebras in D(g).
Then the following statements hold:
Thus we get a bijection between the set of all G-quasi-Poisson structures on X and the set of
G-equivariant maps x → L x from X to Λ such that L x ∩ g = h x for all x ∈ X.
Corollary 4. There is a bijection between the set of all isomorphism classes of quasi-Poisson homogeneous G-spaces and the set of G-conjugacy classes of pairs
The rest of this section is devoted to the proof of Theorem 3. We start with a technical lemma.
Lemma 5. Let P be a bivector field on a smooth manifold X. Define
where denotes the sum over all cyclic permutations of f 1 , f 2 , f 3
Proof. Straightforward computation.
Proof. By definition,
It is enough to check that
We have
This proves the required equality. Now we are heading for the first statement of the theorem. Let e i form a basis in g, ∂ i (resp. ∂ ′ i ) be the right (resp. left) invariant vector field on G that corresponds to e i .
Suppose
such that the image of r in 2 (g/h x ) equals P X (x 
Proof. From (4) it follows that
For any f 1 , f 2 ∈ C ∞ G define the bracket
.
Using Lemma 5 we see that
Proof. Using the graded anticommutativity of Schouten bracket, we get
From (2) it follows that
We will calculate the rest of the terms on the right hand side using coordinates. Let r = r ij e i ∧ e j . Then r λ = r ij ∂ ′ i ∧ ∂ ′ j , and
Now we prove that [[P
Using the cocyclicity of η, we get
Continuing our calculations, we have
Now we finish the proof of Lemma 7. From the definition of a quasiPoisson action it follows that
It means that for all f 1 , f 2 , f 3 ∈ C ∞ X we have
Consequently, for all l, m, n ∈ h ⊥ x we get ϕ − CYB(r) + 1 2 Alt(δ ⊗ id)r, l ⊗ m ⊗ n = 0, which proves the statement of the lemma.
Lemma 9. Assume that (4) holds. Then L x is a subalgebra in D(g) if and only if the image of the tensor
Proof. Consider the mapping R : g * → g that corresponds to r ∈ 2 g:
We are going to check that
Indeed,
Similarly,
It is easy to see that
Adding up all the terms on the right hand side and using the fact that Q([R(l 1 ), R(l 2 )], R(l 3 )) = 0 we see that
The r.h.s. of this equality vanishes for any l 1 , l 2 , l 3 ∈ (g/h x ) * iff the image of ϕ − CYB(r) +
The l.h.s. vanishes for any
This finishes the proof of the lemma.
This is a bijection between 2 (g/h x ) and the set of all Lagrangian subspaces
Further, there is a bijection between bivector fields P X on X and smooth maps x → L x from X to the set of all Lagrangian subspaces in D(g) such that L x ∩ g = h x for all x ∈ X.
From Lemmas 6, 7 and 9 it follows that (X, P X ) is a quasi-Poisson homogeneous G-space iff the corresponding map x → L x is G-equivariant, subalgebra-valued, and
This finishes the proof of Theorem 3.
Twisting
Let G be a Lie group. Suppose (P G , ϕ) and (P ′ G , ϕ ′ ) are quasi-Poisson structures on G.
Definition 5 (see [9] ).
There is a similar relation on Lie quasi-bialgebras. Let g be a Lie algebra, (δ, ϕ) and (δ ′ , ϕ ′ ) are Lie quasi-bialgebra structures on g.
Definition 6 (see [5, 9] 
Twisting is an equivalence relation. If (G, P ′ G , ϕ ′ ) is obtained by twisting from (G, P G , ϕ) then the corresponding Lie quasi-bialgebra (g, δ ′ , ϕ ′ ) is obtained by twisting from (g, δ, ϕ). The converse holds if G is connected.
Denote by D(g, δ, ϕ) and D(g, δ ′ , ϕ ′ ) the double Lie algebras of Lie quasibialgebras (g, δ, ϕ) and (g, δ ′ , ϕ ′ ) respectively. The following result is obtained in [5] . Suppose that (G, P ′ G , ϕ ′ ) is obtained by twisting from (G, P G , ϕ). Let r ∈ 2 g be the corresponding bivector. Then f r :
f r (a + l) = a + l + (l ⊗ id)r is the corresponding Lie algebra isomorphism. Using f r we can identify D(g, δ, ϕ) and D(g, δ ′ , ϕ ′ ). Since f r preserves the canonical bilinear forms, the sets of Lagrangian subalgebras under this identification are the same.
Theorem 11. Let (X, P X ) be a homogeneous quasi-Poisson (G, P G , ϕ)-space. Then (X, P X −r X ) is a homogeneous quasi-Poisson (G, P ′ G , ϕ ′ )-space, and the map P X → P X − r X is a bijection between the set of all (G, P G , ϕ)-
Proof. Denote by Λ (resp. Λ ′ ) the set of all Lagrangian Lie subalgebras in
On the other hand, consider the map x → L ′ x from X to the set of subspaces in D(g, δ ′ , ϕ ′ ) corresponding to P X − r X :
Since f r is a Lie algebra isomorphism, preserves the canonical bilinear forms on the doubles and commutes with the action of G on the doubles, the map x → L ′ x is a G-equivariant map from X to Λ ′ . Since f r fixes all the points of g, we have L ′ x ∩ g = h x . From Theorem 3 it follows that P X − r X defines a (G, P ′ G , ϕ ′ )-quasi-Poisson structure on X. Obviously, the map P X → P X − r X from the set of all (G, P G , ϕ)-quasiPoisson structures on X to the set of all (G, P ′ G , ϕ ′ )-quasi-Poisson structures on X is injective. Similarly, the map P ′ X → P ′ X +r X transforms a (G, P ′ G , ϕ ′ )-structure to a (G, P G , ϕ)-structure. Thus, we have a bijection.
Examples
Recall that if (G, P G ) is a Poisson Lie group, then the homogeneous Gspaces X = {x} and Y = G admit the structure of Poisson homogeneous (G, P G )-spaces. Here we consider the quasi-Poisson case. Example 1. Let (G, P G , ϕ) be a quasi-Poisson Lie group, X = {x} is a homogeneous G-space, P X = 0 is the only bivector field on X. Then the (trivial) action of G on X is quasi-Poisson. The corresponding Lagrangian subalgebra is g. Let us also introduce the following purely quasi-Poisson example.
Example 3. Suppose g is a finite-dimensional Lie algebra with a nondegenerate invariant symmetric bilinear form ( | ). Let G be a connected Lie group such that Lie G = g. Consider the "Manin quasi-triple" (see [1] ) (a, a 1 , a 2 ), where a = g × g,
and a is equipped with a non-degenerate invariant symmetric bilinear form ((a, b), (c, d)) → 1 2 ((a|c) − (b|d)). It is easy to calculate that the corresponding Lie quasi-bialgebra structure on g is given by δ = 0, ϕ = [Ω 12 , Ω 23 ] = − CYB(Ω), where Ω ∈ (S 2 g) g corresponds to ( | ). This Lie quasi-bialgebra gives rise to the quasi-Poisson Lie group (G, 0, ϕ).
Pick any g ∈ G, and consider the Lagrangian subalgebra L g = {(x, y) | y = Ad g x} ⊂ a.
It can be shown that it corresponds to the quasi-Poisson homogeneous space (C g , P ), where C g ⊂ G is the conjugacy class of g, and P (g) = (r g ⊗ l g − l g ⊗ r g )(Ω).
Moreover, one can show that (G, P ) is a quasi-Poisson G-manifold with respect to the action by conjugation, and (C g , P ) are "quasi-Poisson Gsubmanifolds" of (G, P ) (see [2] , where this example was introduced and studied for a compact Lie group G).
